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Abstract. We consider the higher order buckhng eigenvalues of the following 
Dirichlet poly-Laplacian in the unit sphere {—A)Pu = A{—A)u with order 
p(> 2). We obtain universal bounds on the (/c + l)th eigenvalue in terms of the 
first kth eigenvalues independent of the domains. In particular, for p = 2, our 
result is sharp than estimates on eigenvalues of the buckling problem obtained 
by Wang and Xia in [19]. 
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1 Introduction 



Let be a connected bounded domain in an n-dimensional complete Riemannian manifold 
M. 

Assume that Aj is the ith. eigenvalue of the Dirichlet poly-Laplacian with order p: 

-Afu = \u in 

du dP-^u ^ (1-1) 

'=d^ = --- = d^^=' 
where A is the Laplacian in M and denotes the outward unit normal vector field of dQ. 
Let < Ai < A2 < A3 < • • • — > -|-oo denote the successive eigenvalues for (jl.ip . where each 
eigenvalue is repeated according to its multiplicity. When p = 1, it is well known that the 
eigenvalue problem (|1.1|) is called a fixed membrane problem and it is called a clamped 
plate problem when p = 2. For any p and M = M", Cheng-Ichikawa-Mametsuka proved 
in [5] the following inequality of the type of Yang: 

- < ^^^^^ + ^ ~ ^(A.+i - A.)A.. (1.2) 
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In particular, when p = 1, the inequahty ()1.2|) becomes the fohowing inequahty of Yang 
in [22]: 

^(Afe+i - Aj)^ < — ^(Afc+i - Xi)Xi. 



n 

i=l 1=1 



In an excellent paper of Cheng-Ichikawa-Mametsuka [4], by introducing functions 
and hi, they considered the eigenvalue problem (jl.ip with any order p and M = S'^(l). 
They proved that 



^(Afc+i - A,)' <^ Y.^\k+i - \) I (a^ + n]" - a, 



1 / 1 \P-n / 1 „2 



+4(2?'-(p+l))Af (Af +n) J> (A[+-). (1.3) 

We remark that the inequality (2.19) in [6] of Cheng- Yang and inequality (4.16) in [18] 
of Wang-Xia are included in the inequality (II. Sp . For the related research and important 
improvement in eigenvalue problem (jl.ip . we refer to [1-3,7,8,10,11,14-17,20,21] and the 
references therein. 

Now assume that Aj is the ith eigenvalue of the following Dirichlet poly-Laplacian with 
order p (> 2): 

' (-A)Pn = A(-A)m in 

du dP-^u (1-4) 

It is well known that this problem has a discrete spectrum < Ai < A2 < A3 < • • • ^ +00, 
where each eigenvalue is repeated according to its multiplicity. When p = 2, the eigenvalue 
problem p.4p is called a buckling problem. By introducing a new method to construct 
nice trial functions, Cheng- Yang obtained in [9] that, for p = 2 and M = R", 

^{Ak+i - Kf < ^^^^ ^(^'^+1 - ^^)^- (1-^) 

i=l i=l 

As a generalization of inequality (jl.Sp . Huang-Li [12] considered the problem (|1.4p with 
any order p. In fact, for M = M", they proved that 

^(A,,, _A.,. , l(P^i)(=±^^,A,,. _a,aP. 

i=l i=l 

In 2007, Wang and Xia [19] considered this problem when p = 2 and M = §"(1). They 
proved that, for any 6 > 0, 



+ ^E(AM-A.)(Ai+i^i^). (1.7) 
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We remark that the right hand side of inequahty (jl.7p depends on 5. In a recent paper, 
by introducing a new parameter and using Cauchy inequahty, Huang-Li-Cao [13] obtain 
the fohowing stronger inequahty than (11.70 which is independent of 6: 



<2|^(Afc+i-A,)' (a 



Ai-{n-2) 

1 



Motivated by the idea used in [4], we consider in this paper the eigenvalue problem 
(|1.4p for any integer p (> 2) when M is S"(l). We obtain the following results: 

Theorem 1.1. Let Q be a connected bounded domain in an n- dimensional unit sphere 
§"(1). Assume that Aj is the ith eigenvalue of the eigenvalue problem (|1.4|) with p > 2. 
Then, we have 

k 



<2{E(A.«-A.)^(/(A..„)-^-|i-^) 



. i=l 



E(A^+i - f A. + ^^4^) I , (1.9) 



where 



p-1 / 1 \ p-1 



/(A.n)=^^(^(Ar+nJ - ^Ar - n + 2 

+ 7 — tta;-' Ar' + n -Ar' Ar' -n + 2 



(n-l) * V ' J n-l 

+ 2 (2^-1 - p) Ap (^Ap + 

+ 4(2P-2 - (p - l))Ap f Ap + " 



Corollary 1.2. Under the assumptions of Theorem \l.l\ we have 

k k 



ft, / 

^^(Afc+i - A,)2 < Y.^Ak+1 - Ai) ( /(Ai, n) 

i=l j=l ^ 



Ai-{n- 2) 



x(A, + ^^^-^) (1.10) 
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and 



(1.11) 



where 



i=l 



1=1 



A,, 



S^^^ = li:^^ + Yk^if('^-^' A.-(n-2) 



,n 



Ai + 



(n - 2)2 



[1.12) 



k k / 



1=1 2=1 



A. 



Ai - (n - 2) 



Ai + 



(n-2) 



Remark 1.1. When p = 2, we have f{Ai,n) = Aj + 1 and 

A,- . n-2 



A 



Ai - (n - 2) Ai-{n- 2) 



Hence, for p = 2, our inequality (|1.9p becomes the inequality (|1.8|) o/ Huang-Li-Cao. 
Moreover, the inequality (ll.Op is s/iarp t/ian i/ie inequality (II. 7p o/ Wang and Xia in [19]. 



2 Proof of the main theorem 



Let Uj be the rth orthonormal eigenfunction of the problem (|1.4p corresponding to the 
eigenvalue Aj, that is, Ui satisfies 



dm dP-^ 



< JVt 



* dv dvP 



in Q, 
^ = on dQ, 



(2.1) 



Let xi,X2,. . . ,Xn+i be the standard Euchdean coordinate functions of M"""*"^. Then the 
unit sphere is defined by 



n+l 



S"(l) = \{xi,X2,..., Xn+l) E ;Y.xl = l 



OL = l 



Then by a rather long computation and a careful analysis, we are able to derive a se- 
quence of inequalities which can be successfully used to prove the following key proposition 
of the present paper: 
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Proposition 2.1. 

n+l » 

V / {{VXo,,VUi)+Xa/^U^){-A)P-^{{VXa,Vu^)+XaAui) 

-2(n-l) l^V ^ J \ ' 

+ l^^r' (Af- + ") - —A.'-' (a.'-' - n + 2 

1/1 \ P-3 



+ 4(2^-2 _ _ i))A^--i ("a^^-i + nV . (2.2) 



We should remark that the main idea in proving Proposition 12.11 is similar to that in 
reference [4]. However, here in our case, it seems a little more complicated than in the 
case they considered. 

For functions / and g defined on il, we define the Dirichlet inner product {f,g)D by 

if,g)D= [ (v/,V5) 

Jn 

and the Dirichlet norm of / by 

((/,5)d)^/^ = (/jv/P 



D 



Define H^{n) by 
where 



H^p{n) = {f : /,[V/[,...,|VP/| eL^m, 



Then Hp{Q) is a Hilbert space with respect to the norm || • ||p: 



f\\p={ / (/' + IV/P + --- + IVP/I 



1 



In 

Consider the subspace ^{il,) of Hp{n) defined by 



Then the operator (— A)^ defines a self-adjoint operator acting on H-^ ^{Q) for the eigen- 
value problem ()1.4I) and eigenfunctions {ui}'^i defined in ()2.ip form a complete orthonor- 
mal basis for the Hilbert space H^^{il,). For vector- valued functions 



F = (/l,/2, • • • G = (c/1,52, • • ■,9n+l) ■ ^ 



pji+l 
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we define the inner product (F, G) by 

n+l 



[F,G)= [ {F,G)= [ Y^Ua 

The norm of F is given by 

\\F\\ = {F,F)'2 = I^I^J2f-9o 

Let Hl^ii^) be the Hilbert space of vector-valued functions given by 

h2_i(J^) = {f= (/i,/2,...,/„+i) : /a,|V/,|,...,|VP-Va| eL^Q), 

for a = 1, . . . , n + l| 



1 

n+l \ 2 

fa9oL 

' Q=l 



with norm 



''n+l n+l \ ^ 2 



llp-1 



Observe that a vector field on Vl can be regarded as a vector-valued function from 
to Let Yi^^_^ j^{VL) C Hp_j^(r2) be a subspace of Hp_]^(J7) spanned by the vector- 

valued functions {Vtij}^]^ which form a complete orthonormal basis of 'H^_^j^{yL). For 
any / S H'^j^{Q), we have V/ € Hp_-|^^(r2) and for any X S Hp_j^£,(ri), there exists a 
function / € H'^j){Q) such that X = \7f. 

Let xi, a;2, • • • , be the standard Euclidean coordinate functions of M^+^j and Ui be 
the z-th orthonormal eigenfunction of the problem ()1.4|) corresponding to the eigenvalue 
Aj (see (|2.1|) ). For any a = 1,2, + 1 and each i = l,...,k, we decompose the 

vector- valued functions XaVui as 

XaVui = Vho,i + Wo,i, (2.3) 

where hai G H^j^^Q), Vhai is the projection of XaVut in Hp_-|^^(ri), Wai -L Hp_-|^^(r2). 
Thus we have 

{Wo,^,Vu) = [ {Wc,i,Vu) = 0, for any u G H^oin). (2.4) 

By the denseness of jj{Q) in L'^{Q) and C"'^(r2) is dense in L'^{Q), we conclude that 

(W„i,V/i) = 0, V /i G C7i(Sl) nL2(J7), (2.5) 
which implies from the divergence theorem that 

h div{Wai) = 0, 



where div(Z) denotes the divergence of Z. Consequently, we get 

diviWai) = 0. (2.6) 



Guangyue Huang, Xingxiao Li, Xuerong Qi 



7 



Define (/>Q,i by 

k 

4'ai — ^ ^ boiijUj, (2-7) 



where 



baij — / Xa{'^Uij^Uj) — baji- 

Jn 



Then we have 

QP- 



dv di/P' 



-1 



and 



H^aty 

n 



{<t>ai,Uj)D= / (V0Q,j, Viij) = 0, for any j = 1,...,A;. (2.8) 
Jn 

It follows from the Rayleigh-Ritz inequality that 

^^^•+1 - llvTi 112 ' V^-^'' 

\\^(Pai\r 

where = It is easy to see from and (USD that 

= / (|)a^{-Afhc,i 

Jn 

k 

= /iQ,i(-A)P/lai - V]6aij / Uj{-Afhai 

Jn -^^ Jn 

k 

= / hai{-Afhai -y2^(^ij / Ki{-^Tuj 

Jn Jn 

= / /i„,(-Af/i„i-^A,62... (2.10) 
Jn -^-^ 

\XaVu£ = [ xl\Vu,\^ = \\VK^f + \\Waif, (2.11) 

Jn 

k 

\\VK,f = \\V^a^f + Y,bliJ■ (2.12) 
Therefore, (|2.1U|) can be written as 

/ (f)ai{-A)P(f>ai = hai{-Afhai - AiWXaVUiW^ 

Jn Jn 

(k \ k 



Since 



|2 

' CM I 
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Inserting (f233]l into i^M) yields 

(Afc+i - Ai)||V^>«f < / ho^ii-Afh^i- AiWxo^Vuif + Ai\\Wo, 

Jn 

k 

i=i 

=Pai + \\{VXa,VUi)f + AiWWaif 
k 

+ ^(A. - A,)62^,, (2.14) 



where 



Pai = / /im(-A)^/iaj - Aj||xQ,Vni|p - ||(Vxq,, Vu, 
Jn 

Lemma 2.1. [18] Let 

C-aij — / {Zai^Uj), 



In 

where Z^i = V {xa,'^Ui) — ^^x^Vui. Then we have 



Note that 

- 2 / {XaS/Ui,Zai) 

Jn 

= -2 / {xaVui,V{xa,Vu^)) + {n - 2) [ xl\Vui\'^ 
Jn Jn 

=2 [ {xa,Vu^f+ [ {Vxl,Vu^)Au^ + in-2) [ xl\Vui\'^. (2.15) 
Jn Jn Jn 

On the other hand, from (12. 3p . ()2.5p and (12. Sp . we obtian 
-2 / (2;Q,Vni,Z„i) = - 2 / (V/i„i + WQ,i,ZQ,i) 

= -2 /" (V/i„i,Z„,) + (n-2) [ {Wo,i,x^Vu^) 
Jn Jn 

k 

= - 2 / {V<i)ai + baijVUj, Zai) + (n - 2) / X^VUi) 

Jf7 Jn 

= - 2 / (V</.„i, - 2 V baijCaij + (n - 2) || f 
Jn 

— 2 / {S/ (j)Qii, Zfy^i / ^ Caij\/Uj) 2 y ^ baijCaij 

+ (n-2)||H^„,||2. (2.16) 
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Vai + 2S2baijCaij = -2 / {V (pai, Zai - CaijS/Uj) + {n - 2)\\Wai\\'^ , (2.17) 



where 



2 / (x„,Vui)2+ / (Vx2,Vni)An, + (n-2) / xl\Vui 
Jn Jn Jn 



Multiplying (|2.17p by (A^+i — Aj)^, one obtains from the Schwarz inequality and ()2.14p 
that 



(Ak+i - Kf r^^i + 2 ^ 



--{Ak+i - Aif ^-2^ ^V0„i,Z„, -Y^CayVu^l + {n- 2)\\Waif'^ 



k 

E 










k 




Zai ~ y ^ 







<(5(Afc+i - Ai)'^||V(/.„ir + T(Afc+i - Ai) 





+ {n-2)iAk+l-A^)''\\Waif 

I 

+ ^(Afe+1 - Ai) i^Zo^if - YAi)j + - 2)(Afc+i - AifWW^ 



aij 



(2.18) 



Since baij = baji and Cajj = —Caji, summing over i from 1 to k for ()2.18p yields 



Hi ' ai 



^(Afc+i - Ai 

i=l 
k 

<^(Afc+l - Aif(5pa^ + 5\\{Vxa,Vu^)f + {6Ai + n- 2)\\Wa 
1=1 

1 ^ 

+ ^^{Ak+l - Ai)\\Za,if . 



(2.19) 



i=l 
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Let p be a positive constant. Then we have 



p\\{Vxo„Vui)f =p [ {Vx^,Vuif 
Jn 

= -P 2;„div((VxQ, Vni)Vui) 
Jn 

= -p {XaVUi,V{VXa,yUi)) - p / (VXq, VUi)XaAni 

JO, Jn 

= -p [ (V/i«,V(Vx„,Vni)) - ^ / {Vxl,Vui)Aui 
Jn ^ Jn 

<{6Ai +n- 2)\\VK,f + -^^^^-^——^\\V{Vxo^,Vui)f 

[ {Vxl,Vu^)Aui. (2.20) 
^ Jn 

Applying ([2:20]) to ([239]) yields 



^{Ak+i - Aifrc^i < ^{^k+i - ^i? (^Spai + {SAi + n- 2)\\W, 

1=1 i=l 

+ {6- p)\\{VXa,VUi)f + p\\{VXa,VUi 
k 



|2 

ai 11 



+ ^^(Afc+l-AOI|^ai||' 
1=1 

k 

< J^(Afc+i - AifUpai + (<5A, + n-2){\\Wai\\^ + \\Vh. 



CM I 



i=l 

+ {6- p)\\{Vx^,Vu,)f + ^^^^-^-—^\\V{Vxa,'Vu^)f 

-f / (VxLVn,)A^Zi) +- J^(Afc+i-Ai)||Z„,||2 
Jf^ i=i 

A: 

:^(Afc+i - Ai)2(^5p^i + {5Ai + n- 2)\\xaVu^f 

i=l 

+ {5- p)\\{Vx^,Vui)f + ^^^^-^-—^^\\V{Vx^,Vu,)f 

-f / (Vx^,Vn,)A^Zi) +- J];(Afc+i-Ai)||Z«,||2. (2.21) 
Jf^ i=i 



Since 



A/iaj = div(V/iQ,i) = div(xaV'Ui) = (Vxq,, Vuj) + XqAuj 
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we get from Proposition 12.11 that 

n+l n+1 



n+1 n+l ^ „ N 

y"Pm=y^( / haii-AYK,- Ai\\XaS/Uif -\\{VXayu^)f] 

n+1 „ 

= E / K^{-^YKi-{K + l) 

n+1 ,. 

= V / {{Vxa, Vui) + Xc^Aui) ((vxc., Vui) + x<,A7Xi) - (A^ + 1) 

</(A„n)-(Ai + l). 
A direct calculation yields (see (2.44), (2.45), (2.46) and (2.47) in [18]) 



n+l 



E 

a=l 
n+1 

Wxo^Vuif = ||(Vx„, Vui)f = 1, 

a=l a=l 
n+1 

J^||V(Vx,,Vni)f = Ai-(n-2), 

a=l 

/ J \\-^ai\\ — H T • 



a=l 

n+1 n+1 



a=l 

Therefore, summing up ()2.2ip over a from 1 to n + 1, one gets 
k 

n^(Afe+i - Ai)2 
1=1 

k 

< Yi^k+1 - Aif (/(Ai, n) - {Ai + 1)) + {5Ai + n-2) + {6-p) 
- (A, - (n - 2)) ) + i ^(Afc+i - A,) U + 

i=l ^ 



1=1 



4((5Ai + n 
That is, 



2^(Afc+i - Ai)' 

i=l 

< ^(A,+i - A,)' (^/(A,, n) - p + ^^^^^ _ (A, -in- 2)) 



^ k , 



(5 

i=l 



(n-2) 



Taking 



_ 2(Mi + n - 2) 
^~ A, -(n-2) 



(2.22) 
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in ([2:22]) yields 



2 ^(Afc+i - Ai)^ < ^{Ak+i - Aif (6f{A, 



i=l 



1=1 



SAi + n-2 
Ai-{n- 2) 



1=1 ^ ^ 



Hence, we obtain 



^(Afc+i - Aif 2 + 



i=l 



n - 2 



Ai - (n - 2) 



A, - (n - 2) 



<5Y,{^k+i-A,f (f{Ai,T 
+ ^E(A.«-A.)(A.+ (!i^) 



i=l 

Minimizing the right hand side of (j2.23p as a function of 6 by choosing 

^ [Ak+i - Ai) \^Ai + j 

6 



E(Afc+i-Ai)2 /(A„n 



i=l 



A. 

A,-(n-2) 



concludes the proof of Theorem ll.li 
Proof of Corollary 

It is easy to see from ()1.9p that 



(2.23) 



5^(Afe+i - A,)2 < 5^(Afc+i - A,)2 ( /(A 



i=l 



. i=l 



A,; 



,n 



Ai-in- 2) 



|j^(Afc+i - Ai) (^Ai + 



(n - 2f 



One can check by induction that 

r A: 



(2.24) 



^(Afe+i-A,)2 /(A 



, j=i 



A,: 



,n 



Ai - (n - 2) 



^(Afc+i - A,) ( Ai + 
.1=1 



< (^5^(A,+i - A,)2^ |^(A,+i - A,) (^/(A„n) 



Ai 



Ai - (n - 2) 



Ai + 



(n-2)2' 
4 

(n-2)2' 



which together with (|2.24p yields inequality (jl.lOp . 

Solving the quadratic polynomial of Af^^i in p.lOp . we obtain inequality p.lip and 
(I1.12P . It completes the proof of Corollary 11.21 
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